Abstract. We use a stochastic birth-death model for a population of cells to estimate the normal tissue complication probability (NTCP) under a particular radiotherapy protocol. We specifically allow for interaction between cells, via a nonlinear logistic growth model. To capture some of the effects of intrinsic noise in the population we develop several approximations of NTCP, using Kramers-Moyal expansion techniques. These approaches provide an approximation to the first and second moments of a general first-passage time problem in the limit of large, but finite populations. We use this method to study NTCP in a simple model of normal cells and in a model of normal and damaged cells. We also study a combined model of normal tissue cells and tumour cells. Based on existing methods to calculate tumour control probabilities, and our procedure to approximate NTCP, we estimate the probability of complication free tumour control.
Introduction
When giving a dose of radiation to a tumour it is likely that the surrounding healthy tissue will also be damaged. A radiotherapy treatment protocol aims to provide enough radiation to the tumour to control the cancer whilst not causing excessive side-effects by damaging surrounding tissue. To this end, a protocol must find a balance between maximising the tumour control probability (TCP) and minimising the normal tissue complication probability (NTCP). Normal tissue complications (NTCs) encompass a wide variety of problems ranging in severity from increased urinary frequency from the treatment of prostate cancers [1, 2] to severe neurological complications such as myelitis from the treatment of neck cancers [3] and organ failure [1] .
There are numerous models of TCP and NTCP in the literature. Broadly, the term 'model' is used to describe two different types of mathematical approaches to characterising these probabilities. The first is statistical: based on cohorts of patients statistical models are developed to identify factors contributing to the TCP and the NTCP. This is then used to find mathematical expressions which allow one to estimate the TCP or NTCP of a patient with given characteristics and for given radiation protocols [4, 5] . The focus of our work is not on this type of model. Instead, we concentrate on the second type of modelling approach, which seeks to compute TCP and NTCP 'bottom-up' from mechanistic principles of the population dynamics of tumour or normal cells [6, 7] . These models are often stylised, but the key characteristic they all share is that they describe the dynamics of cell division and death. Many of these models are intrinsically stochastic. Mitosis and cell death are random events in such models, and the precise outcome is therefore uncertain; the tumour may or may not be controlled, and NTCs can arise, but do not have to. The aim of this line of research is to obtain, for a given model of the population dynamics of cells and a given radiation protocol, the TCP and NTCP. The word 'obtain' includes by computer simulation of the population, or by direct mathematical computation when this is possible. While simulations are sometimes viable, the mathematical route, when it is available, is generally preferable as explicit formulae provide an efficient way of evaluating TCP or NTCP, often much faster than simulation. Not all types of population dynamics can be treated mathematically exactly however. In such cases approximations have to be made in the mathematical calculation of TCP and NTCP.
TCP from a stochastic birth-death model has previously been described by Zaider and Minerbo [7] , subsequent work includes [8, 9, 10] . A stochastic birth-death model of normal tissue cells was described by Stocks et al. [11] , but their mathematical calculation of NTCP ultimately does not take into account intrinsic stochasticity in the population. We extend this analysis and capture features of intrinsic noise in the calculation of NTCP. We use a stochastic birth-death model of normal tissue cells where cell death rates are affected by the dose and timing of radiotherapy. NTCP can be seen as the cumulative distribution function of the first-passage time of this stochastic birth-death process through a boundary; NTC sets in when the number of functional cells falls below a certain threshold. We obtain estimates of NTCP by approximating the distribution of first-passage times.
One may ask whether the inclusion of intrinsic noise is necessary in modelling NTCP. Hanin and Zaider [6] argue that deterministic approaches might be sufficient, due to the high numbers of cells involved. However we note that the size of the population may vary depending on context. For example, the model could describe a functional subunit (FSU) of an organ, rather than the entire organ [5, 12, 13] . NTCP would then not necessarily indicate the probability that an organ fails, but instead that such a subunit no longer fulfils its function. For instance, Niemierko and Goitein consider a kidney split into 10 7 FSUs, where each FSU contains 10 4 cells [5] . In such circumstances noise in the population (i.e., within a FSU) may become relevant. Intrinsic stochasticity may also be important in the context of stem cells, especially if they are present in relatively small numbers [14, 15, 16, 17] . It is also interesting to note that some of the statistical models mentioned above assume a normal distribution of NTC onset, see e.g., the model proposed by Lyman in Ref. [4] . The resulting NTCP then takes the form of an error function, i.e., the integral of a Gaussian distribution, similar to what we find from our approximations. It is important to note though that the origin of stochasticity may be different, as discussed in more detail in our conclusions.
Mathematically, our main result is intuitive. We find that, for a sufficiently large population, the distribution of first-passage times through the threshold at which an NTC sets in is approximately normal. The variance of this normal distribution decreases proportionally to the size of the population. The deterministic result for NTCP by Stocks et al. [11] is recovered in the limit of infinite population size (NTCP as approximated by Stocks et al. was either zero or one).
While our approximation is relatively crude, the mathematical simplicity of our result is a strength. Using our method to predict NTCP does not require extensive numerical calculations. In some examples closed-form expressions can be obtained, in other cases a small set of ordinary differential equations (ODEs) needs to be solved numerically, which can be done much more efficiently than integrating forward a potentially highdimensional master equation. Since the linear-noise approximation (LNA), on which our approach is based, is ubiquitous in statistical physics and applications, our result may also lend itself to applications in other fields outside of radiotherapy modelling.
The remainder of this paper is set out as follows. In Sec. 2 we present the microscopic model of normal tissue cells adapted from the model of Stocks et al. [11] and a definition of NTCP. We use this model to explain the steps of our approximation and derive our main results. This involves first writing the master equation, and subsequently approximating the dynamics by carrying out a Kramers-Moyal expansion and LNA. We then proceed to approximate the first-passage time across a boundary by considering the dynamics in a small region near the boundary marking the onset of NTC. This provides a Gaussian approximation of the first-passage times, and thus an approximation to NTCP. Following Hanin and Zaider [6] we then consider a more complicated model of normal tissue in Sec. 3. In this model there are two types of cells (normal and damaged), and we show how our method can be extended to systems with more than one degree of freedom. In the context of this model we also develop a second approximation method for NTCP. In Sec. 4 we combine models of cancerous cells and normal tissue to estimate the probability of complication-free tumour control, i.e., the probability that the tumour is controlled without complications in the normal tissue. In Sec. 5 we finally summarise our results. The Appendix contains further details of our analysis.
Logistic model of healthy tissue

Model definitions
We first focus on a model of normal tissue similar to that in Ref. [11] , which is itself an individual-based extension to the deterministic dynamics considered in Ref. [6] . This existing work produced analytical descriptions of NTCP, but the analysis was restricted to the deterministic limit, in which intrinsic noise within the population is discarded. Our approach retains some of the effects of demographic noise on NTCP.
The model describes a well-mixed population of cells, we write N t for the size of the population at time t. Cells can divide by mitosis at a rate b. We assume that overall growth is limited by spatial constraints and the presence of nutrients, so that b is a logistic function of N ,
where b 0 > 0 is a constant parameter. This indicates that the per capita birth rate decreases with increasing population size, and growth ceases completely when the carrying capacity K is reached; K is a model parameter and constant in time. Cells can die due to natural causes and from external radiation. Natural death occurs with rate d. We note that explicitly separating death processes from birth events is necessary for a stochastic treatment of the model; basing the analysis on an effective net growth rate (i.e., b N − d), as in Ref. [11] , is insufficient to model the dynamics outside of the deterministic limit (models with different birth and death rates, but with the same net growth rate can lead to different results for NTCP in a stochastic setting).
External radiation damages cells mainly by inducing single or double strand breaks in their DNA [18] . The model captures these processes via a hazard function h(t), denoting the per capita death rate due to radiation. This rate will generally depend on time, as determined by the details of the applied radiation protocol. For example, we consider the linear-quadratic (LQ) formalism of brachytherapy in Sec. 3.
The model can be summarised as a list of 'reactions', with notation similar to that used in chemical reaction systems. We write N to represent an individual normal cell. The dynamics are then given by
where the rates above the arrows are per capita rates. The deterministic rate equation for this system can be formulated heuristically as follows,
It can also be derived systematically from the lowest-order terms in an expansion in the inverse system size, as discussed below.
In the absence of radiation [i.e., when h(t) = 0], the non-zero fixed point of Eq. (3) is given by
. Since the population dynamics are stochastic, the size of the population fluctuates about this value. To simplify the notation we will use K =
in the following, such that-in the absence of radiation-the average population size is M .
Master equation
The process defined by Eqs. (2) can equivalently be described by a (chemical) master equation (CME). This is a set of ODEs describing the evolution in time of the probability for the population to be in each of the possible states, N . We write P N (t) for the probability that the population has size N at time t. The master equation is then given by
where E is the step operator defined by its effect on a function f N , i.e., we have Ef N = f N +1 , and similarly,
The operators act on everything to their right.
2.3. Definition of normal-tissue complication probability and strategies to calculate it 2.3.1. Definition An organ requires a minimum number of cells to function properly [19] . We introduce a threshold, L, and say that a normal tissue complication (NTC) is encountered when the number of cells in the population N t falls below L. Given that N t is a stochastic process, NTC will occur at different times in different realisations of the model dynamics (or potentially, it may never occur in a given realisation). This leads to the definition of normal tissue complication probability (NTCP). We assume that once NTC has been encountered in a given realisation of the dynamics, it cannot be repaired, even if the number of cells ultimately recovers to values above the threshold L. We therefore define NTCP(t) as the probability that, at some time before t, the population contained L cells or fewer. NTCP is then by definition an increasing function of time. We remark that this definition of NTCP(t) differs from one used previously in Ref. [11] , which allowed NTCP(t) to decrease. In practice results using the two different definitions are often very similar.
Mathematically the calculation of NTCP constitutes a first-passage time problem [20] . More precisely, NTCP(t) is the cumulative distribution function of the first-passage time through the threshold L. The methods we develop to approximate NTCP are therefore potentially applicable to a variety of other problems involving the estimation of firstpassage time distributions, beyond the specific example of NTCP.
2.3.2. Strategies for the calculation or simulation of NTCP Realisations of the process defined by Eqs. (2) can be generated using the stochastic simulation algorithm by Gillespie [21, 22] . In principle, a large ensemble of such simulations can be used to measure NTCP(t). However, in practice this approach is of limited use since a large number of runs need to be collected to obtain sufficient statistics. Simulations also offer relatively little in the way of mechanistic insight.
One can also find the NTCP(t) by direct numerical integration of Eq. (4). To do so, one must impose an absorbing boundary at L, i.e., the birth rate b L would have to be set to zero so that once a trajectory has reached the threshold L it cannot recover to values above the threshold. In practice, this approach is computationally costly, especially in more realistic models where there are several different types of cells (see e.g., Sec. 3). The master equation is then a large set of coupled ODEs which would have to be integrated forward.
An alternative approach involves the use of generating functions (for general principles see for example Ref. [23] ). However, this technique is usually only viable for relatively simple models. For example, generating functions can sometimes be calculated analytically when per capita birth and death rates do not depend on the current population size, i.e., when b N is independent of N . This indicates that different cells reproduce and die independently of each other, and for such models explicit equations for both TCP and NTCP can, in principle, be obtained based on generating functions. This is not the case in the above logistic growth process however, which involves interaction between cells due to the overall carrying capacity. A notable example of an exact calculation using generating functions is the work of Zaider and Minerbo in Ref. [7] who obtain TCP in closed form for a linear-birth death process with time-dependent death rate (the time dependence is due to irradiation of the population). Their result for TCP can be expressed in terms of the solution of the rate equation describing the population in the deterministic limit (see also Ref. [24] ). It is important to note though the result of Ref. [7] for TCP is valid for populations of any finite size, whereas the approximation of NTCP in Ref. [11] discards intrinsic fluctuations.
Given the limitations of these numerical and analytical methods, we develop and use an approximation to estimate the NTCP. The approach is based on Kramers-Moyal expansion techniques [25, 23] and retains features of the intrinsic noise resulting from the finiteness of the population of cells. At the same time, we assume that the population is sufficiently large so that the jump process defined by the master equation (4) can be approximated by a stochastic differential equation (SDE).
Kramers-Moyal expansion and linear-noise approximation
Kramers-Moyal expansion and Fokker-Planck equation
The expansion method is based on the assumption of a large, but finite population, as will be explained in further detail below. We will refer to M as the system size, in-line with previous literature [25, 23] . As a first step we introduce the population density n t = N t /M ; that is, the population size at time t divided by the typical system size. We re-scale the threshold for the onset of NTC in the same way and write = L/M ; NTC thus occurs when n t ≤ . We also introduce a re-scaled carrying capacity and write k = K/M . Given our above choice
Re-writing functions of N as functions of n = N/M , we find E ±1 f (n) = f (n ± 1/M ) for the action of the step operator. We proceed to consider the limit where the system size is large, M 1. In this limit one can expand
Substituting this into the master equation (4) results in a Fokker-Planck equation for the probability density Π(n, t),
where we have neglected higher-order terms in M −1 . The probability of finding the random process n t with a value in the interval [n, n + dn) at time t is Π(n, t)dn.
For the current model, the drift and diffusion terms in Eq. (6) are given by
respectively. Equation (6) describes the statistics generated by solutions of the Itō SDE
where W t is a standard Wiener process. In principle, trajectories of this SDE can be generated in simulations, for example using the Euler-Maruyama method [26] . These simulations are more efficient than simulating the original model, in particular the population size only enters in the noise strength and does not affect computing time required to generate a set number of realisations. However, our aim is to make analytical progress. This requires further approximation, first because µ(n t , t) is a non-linear function of n t , and more importantly because the noise in Eq. (8) is multiplicative. We proceed by making a further simplification using the LNA [23, 25] , effectively turning multiplicative noise into additive noise.
Linear-noise approximation
To carry out the LNA we introduce the stochastic process ξ t via the transformation [25] 
where φ(t) is a deterministic function of t, to be determined shortly. We next substitute this ansatz into Eq. (8), and expand in powers of M −1/2 . From the two lowest-order terms we find
where µ [φ(t), t] is the derivative of the drift µ(n, t) with respect to n, evaluated at φ(t) and t.
The first of these equations indicates that φ(t) is the solution of a deterministic rate equation. Up to re-scaling of N and K this rate equation is identical to Eq. (3). The SDE (10b) describes fluctuations about this deterministic trajectory, due to demographic noise. We note that the LNA is only valid provided corrections to the deterministic dynamics remain small; if this is not the case higher-order terms in the systemsize expansion become important. The approximation is generally appropriate if the deterministic trajectory is locally attracting, i.e., if µ [φ(t), t] < 0 at all times. This condition is fulfilled in the present model.
The linear SDE (10b) can be solved straightforwardly [25, 23, 27] , and, within the LNA, the distribution of n t is found to be Gaussian, centred around the solution φ(t) of Eq. (10a),
The variance of this distribution,
, is a function of time, and can be obtained from the solution of
see e.g., Ref. [27] . For some cases Eqs. (10a) and (12) can be solved exactly, and one can obtain an analytical expression for Π(n, t) in Eq. (11) . We discuss this in the context of the current model below. For the general case, these equations can be integrated forward numerically, using standard Runge-Kutta methods. This only requires the integration of two ODEs.
Approximation of NTCP(t)
We now proceed to estimate NTCP using the outcome of the LNA. Taking Eqs. (10a) and (10b) as a starting point, the calculation of NTCP amounts to a first-passage time problem for a SDE with time-dependent Table 2 [parameter set (D)].
drift and noise strength. Equation (10b) describes an Ornstein-Uhlenbeck process with time-dependent rates [23] . Due to the time-dependence of φ(t) in Eq. (10a), calculating NTCP amounts to calculating the first-passage time of this Ornstein-Uhlenbeck process through a moving boundary. While the first-passage time distribution of OrnsteinUhlenbeck processes is available for constant rates and a static boundary [28] , studies of instances with time-dependence are often based on approximation schemes for specific cases; examples can be found in Refs. [29, 30] .
To make progress we therefore use a further approximation. We focus on cases in which the deterministic trajectory φ(t) crosses the threshold = L/M , as illustrated in Fig. 1(a) ; we write t * for this time. The exact value of t * will depend on the applied radiation protocol and the other model parameters. The calculation of NTCP(t) by Stocks et al. [11] is based on this deterministic contribution, and within their calculation NTCP(t) = Θ(t − t * ) is a Heaviside step function [Θ(u) = 1 for u ≥ 0, and Θ(u) = 0 otherwise]. Our aim is to build on the results in Ref. [11] and to capture some of the influence of intrinsic fluctuations on NTCP.
As a next step we look at the dynamics of Eqs. (10a) and (10b) in a time window around t * , as shown in Fig. 1(b) . Some trajectories of the stochastic system will cross the threshold before t * , and others after t * . We expect these fluctuations in the crossing time to decrease as the system-size parameter M is increased. To evaluate this
Coordinate Interpretation Relations
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deviation from mean-field path due to linear noise (D) ζ τ re-scaled population near boundary l = L/M n τ = + M − 1 /2 ζ τ τ re-scaled time near deterministic crossing time t * t = t * + (8) and (10)]. Coordinates (D) are used for our analysis of the dynamics in the narrow, boundary-crossing region. The subscript t (or τ ) is used to denote random processes.
further we consider the Gaussian distribution for the population density n t * obtained by evaluating Eq. (11) at time t * . By construction, this distribution is centred on , as shown in Fig. 1(c) . We now proceed on the basis that trajectories with values n t * > will first cross the threshold at a time greater than t * , and estimate this time of crossing from the dynamics near t * . Similarly, trajectories with n t * < have already crossed the threshold, and we estimate how long before t * this has occurred. This procedure implies several assumptions, for example a trajectory with n t * > may have had its first crossing before t * and then returned to values n t above due to further fluctuations. This is not captured by our estimate of NTCP.
In order to focus on the dynamics in a time window near t * , it is useful to introduce re-scaled coordinates
Considering values of τ and ζ of order M 0 allows us to magnify the region around t * where boundary crossings are likely. In these coordinates, the crossing of the deterministic trajectory occurs at τ = 0, and the position of the threshold is at ζ = 0. We note that µ( , t * ) < 0 so that positive values of the re-scaled time (τ > 0) correspond to t > t * . A summary of the coordinates used in our analysis is given in Table 1 . Substituting the new coordinates into Eq. (6), and writing Π(ζ, τ ) for the probability density in these coordinates, we find
Expanding in powers of M − 1 /2 we find to lowest order
the threshold the dynamics of the system can be approximated by
where ζ 0 is the location of the path at time τ = 0 (i.e., at t = t * ). Fig. 1 (b) shows a number of different stochastic trajectories in this region. Broadly, they travel along approximately parallel straight paths of gradient minus one (in the coordinate system of τ and ζ).
We now use this result to approximate the distribution of crossing times. To do this we estimate when a particular trajectory located at ξ 0 at time t * crosses (or did cross) the threshold. We write τ × (ξ 0 ) for this crossing time in the re-scaled coordinates. Using Eq. (15) we find
We show this schematically in Fig. 1(c) . We now combine this with the Gaussian distribution for ξ 0 obtained from the LNA, also shown in Fig. 1(c) . Equation (11), evaluated at t = t * , can be written as
and we use this together with Eq. (16) to approximate the distribution of first-passage times t × as
Using the definition of NTCP as outlined above we find
where erf is the error function.
2.4.4.
Closed-form approximation of NTCP for model with logistic growth and constant radiation We now test this approximation scheme on the logistic growth model defined in Eq. (2). We focus on a particularly simple case where there is no radiation prior to a certain time, and a constant rate of death due to radiation thereafter. We choose time t = 0 as the point at which radiation sets in, so that the hazard function h(t) is the step function
We primarily consider radiation of this type as a simple initial example, following the study of NTCP in Ref. [11] . More complicated radiation protocols will be discussed below. (23) and (24) . Model parameters are given in Table 2 . Five sets of parameters used in Fig. 2 for the logistic model of healthy tissue. These parameter sets are the same as those considered in Ref. [11] , but we have defined separate mitosis and natural death rates to be able to analyse stochastic effects in finite populations (see text). The ratio of mitosis and natural death was chosen as 10 : 1, consistent for example with Ref. [6] .
We assume that the dynamics of the population start long before t = 0, so that the stationary state of the master equation (4) [with h(t) = 0] is reached by t = 0. The mean and variance of this distribution are given by the fixed points of Eqs. (10a) and (12), using µ and σ 2 for the logistic model and setting h(t) = 0. We have
At times t ≥ 0, Eqs. (10a) and (12) are given by
Eq. (22a) can be solved in closed form subject to the initial condition φ(0) = 1. From the resulting deterministic trajectory φ(t) one then finds the passage time t * of the deterministic trajectory as
assuming the fixed point of the deterministic trajectory is below the boundary . Next we turn to Eq. (22b) in order to find Σ 2 (t * ). For constant radiation the path φ(t) is monotonically decreasing in time. This allows us to trade the time derivative in Eq. (22b) for a derivative with respect to φ, resulting in a linear ODE for Σ 2 as a function of φ. For our specific example this ODE can be solved in closed form, and we find the variance of first-passage times as
This can then be used in Eq. (19) to obtain NTCP(t).
In Fig. 2 we show the resulting NTCP as a function of time for several sets of model parameters; these parameter sets are summarised in Table 2 , and were previously motivated and used in Ref. [11] to consider normal tissue complications arising from the treatment of prostate cancer. In order to test the accuracy of our approximation, we have also obtained NTCP(t) for the original model by numeral integration of the master equation Eq. (4); these values are shown as black circles in Fig. 2 . These results are compared with the analytical approximations in Eqs. (19) and (24), and for most of the parameter sets tested we find good agreement. The approximation works noticeably less well for parameter set (E) than for the other four sets. In this case, the speed with which the deterministic path crosses the boundary is lower than for the other parameter sets. This leads to a longer time window around t * within which crossings are likely, and thus a larger amount of error in our approximation.
Extended model of normal and doomed cells
Model definitions
Hanin and Zaider [6] proposed a model which adds complexity by including radiationdamaged cells. In this model, damaged cells continue to occupy the limited volume available to the population. Damaged cells also carry out their functions, but fail to proliferate. The presence of such cells has been offered an explanation for the observation that, after irradiation, an initial lag period occurs before re-population [6, 31] . Similar models have been proposed for tumour cells for a more realistic calculation of TCP, where the population is divided into radiation-damaged and unaffected tumour cells [32] .
As before there are 'normal cells' N which carry out the functions of the organ; these cells have the ability to proliferate. However, once damaged by radiation, a cell does not vanish immediately; rather, it becomes a 'doomed cell' X [6] . Doomed cells continue to contribute to the normal functions of the organ, however they are unable to proliferate. Thus, although they may temporarily aid the function of the organ, they ultimately die without reproduction. Doomed cells also consume resources and so are in direct competition with the normal cells. As a result of this, the per capita mitosis (birth) rate of normal cells decreases as the total size of the population of both types increases. The dynamics of the model can be summarised as follows: 
We write N and X for the numbers of normal and doomed cells, respectively. As before, the constant k
is chosen so that-in the absence of radiationthe stationary average size of the population of normal cells is M . An NTC is assumed to arise when the total number of functional cells, N + X, falls below a threshold L. Writing s = (N + X)/M for the (re-scaled) total number of functional cells in the population, and x = X/M for the (re-scaled) number of doomed cells, one has the following rate equations in the deterministic limit,
In this example, we consider brachytherapy where there is a time-varying dose of radiation acting on the population of normal cells, resulting from the decay of a radioactive implant. The effect of this type of radiation on the population of normal cells is obtained using the linear-quadratic (LQ) formalism, which is well established in the modelling of brachytherapy [33, 34, 35] . This formalism accounts for the degradation of the radioactive implant, both linear and quadratic tissue responses to radiation, and DNA repair. This leads to a time-dependent radiation hazard rate for the conversion of normal cells into doomed cells:
where α, β, γ, λ and R 0 are model parameters; R 0 in particular denotes the initial dose rate. Further details are given in Appendix A. We consider a specific set of realistic Table 3 Parameter Definition Fig. 3 (a, b) Fig. 3 Table 3 . Parameters used in Fig. 3 . Similar parameters were previously proposed in Ref. [6] . We have explicitly included normal-cell birth and death and made the assumption that
parameters, proposed by Hanin and Zaider [6] and summarised in Table 3 . These parameters were chosen to model the treatment of prostate cancer, where the normaltissue complication refers to grade 2, or larger, toxicity ('GU2+') of the genitourinary tract.
Alternative approximation for NTCP
Results for this model are presented in Fig. 3 . We first focus on the deterministic dynamics, indicated by the blue lines in panels (a) and (c). In panel (a) the mitosis rate b 0 is sufficiently low for deterministic trajectory to fall below the threshold for the onset of NTCs. The approximation for NTCP developed in Sec. 2.4.3 can be applied, as discussed in more detail in Sec. 3.3.1.
The second parameter set in Table 3 describes a case with a higher mitosis rate b 0 . As shown in Fig. 3 (c) , the solution of the deterministic rate equations then only briefly falls below the threshold . The number of functional cells then increases again to values above . In the stochastic system we expect only a fraction of trajectories to cross the threshold; some realisations may never fall below , and hence NTCP(t) can be expected to take a long-time limit below one. This cannot be captured by the approximation method in Sec. 2.4.3.
With this in mind, we propose the following improved method of estimating NTCP. Within the LNA, at each moment in time t the distribution of the population of interest (in this case s t ) is approximately normal with a mean φ(t) and variance Σ 2 (t) given by Eqs. (10a) and (12), respectively. The amount of probability below the threshold at a given time is then obtained as ‡
We now estimate NTCP(t) as the maximum amount of probability below the threshold at any earlier time t ≤ t, i.e.,
Further steps of the mathematical evaluation are presented in Appendix B. We briefly comment on the limitations of this approximation, before we discuss the results for the model of normal and doomed cells. Equation (29) provides a lower bound for NTCP of the process described by the LNA. This can be seen as follows. At a given time t, let the maximum in Eq. (29) have occurred at a time t m ≤ t; the estimate for NTCP(t) is then Q(t m ). Consider now a trajectory with a total population density above the boundary at time t m , s tm > . Such a trajectory does not contribute to NTCP(t) within our approximation, even though it may have well have attained population sizes below threshold before t m , or go below threshold between t m and t. The above approximation therefore underestimates NTCP. We note that the SDE obtained in the LNA is itself an approximation, so the above calculation is not necessarily a lower bound to the NTCP of the discrete population dynamics from which we started.
Despite these limitations, the method provides useful estimates for NTCP. For example, NTCP(t) obtained from Eqs. (28) and (29) for the model in Sec. 2.1 does We use the Earth Mover's Distance (EMD) [36] as a measure of distance between two probability distributions. Each set of symbols shows the EMD of the distribution of first-passage times obtained from the different approximations relative to the distribution obtained for the original model obtained by numerical integration of the master equation (4) . We compare three approximations: the deterministic approximation from Ref. [11] (i.e., the distribution of first-passage times is a deltapeak at the deterministic crossing time t * ), and Approximations 1 and 2 as described in the text. Results are shown as a function of the population-size parameter M . The data indicates that the EMD of Approximations 1 and 2 from the original model scales as M −1 with the typical size of the population; similar scaling is also observed using the Kullback-Leibler divergence (not shown). For the deterministic approximation the EMD decays much more slowly with the system-size parameter (∝ M −1/2 ).
not significantly differ from the predictions of the method discussed in Sec. 2.4.3. To keep the language compact we will refer to the procedure in Sec. 2.4.3 as Approximation 1 from now on, and to that in Eqs. (28) and (29) as Approximation 2. A quantitative comparison of the distributions of first-passage time from the two approximations for the model in Sec. 2.1 is shown in Fig. 4 . The data indicates that Approximation 2 provides an improvement relative to Approximation 1. Both methods do considerably better than the deterministic approximation in Ref. [11] .
To compare the three approximations we have use the Earth-Movers distance (EMD), also known as the Wasserstein metric [36] . Intuitively, it is a measure of the amount of 'effort' needed to turn one distribution into the other; it is the amount of probability that needs to be moved weighted by the distance it has to be moved. We choose this rather than, say, the Kullback-Leibler divergence [37] or total variation distance since the distribution of first-passage times from the deterministic approach is a Dirac deltadistribution [11] which results in infinite Kullback-Leibler divergence. The EMD gives a more useful measure of error.
NTCP for model of normal and doomed cells
For the model with normal and doomed cells Approximation 2 can provide a significantly improved prediction of NTCP compared to Approximation 1, as we will discuss in this section. In this context it is useful to distinguish the cases in which normal tissue complication occurs with certainty at long times and those in which long-time NTCP stays below one.
3.3.1. Certain normal tissue complication at long times For the first set of parameters in Table 3 normal-tissue complication occurs with probability one at long times. We show results in panel (a) of Fig. 3 . The source of radiation is implanted at time zero, assuming that the population of normal cells is at its stationary state at this time. The population of functional cells then decreases monotonously, and the number of functional cells crosses the threshold for the onset of NTC. Panel (b) shows the estimates for NTCP as a function of time for Approximation 1 and Approximation 2. Their predictions are largely indistinguishable, and they both agree well with results for the original model found by numerical integration of the master equation.
We note that for this choice of parameter values, carrying out the numerical integration of the master equation takes approximately 10 5 times longer than to evaluate each of the two approximations. This is because the master equation consists of a set of M 2 coupled ODEs, whereas evaluation of each of the approximations only involves integrating forward five ODEs (for the means of the two degrees of freedom, their variances and the covariance). Thus, the approximation methods offer a significant increase in efficiency for large populations, at moderate reduction of accuracy. Fig. 3 we show the same quantities, but for a different choice of birth rate (see Table 3 ). The deterministic path barely crosses the boundary , and for this choice of parameters only a fraction of trajectories of the stochastic model will lead to an onset of NTC. In this case, the predictions of the two approximations are widely different. Approximation 1 assumes a Gaussian distribution of first-passage times and deviates significantly from the NTCP seen in the original model. Most notably, this approximation predicts that all trajectories eventually cross the boundary so that NTCP(t) → 1 at large times. Although this is not the case for typical population size used in this example (M = 1000), we remark that for M → ∞ NTC becomes certain at long times in the original model for the present parameter set.
Uncertain onset of normal tissue complication In panels (c) and (d) of
As seen in Fig. 3 (d) Approximation 2 outperforms Approximation 1. This is because, in the narrow region where boundary-crossings are likely, there is a significant change in the drift for the total population size; the sign of the drift changes from negative to positive. Approximation 2 takes this into account, whereas Approximation 1 is based on constant drift within the region near the boundary . Unlike Approximation 1, Approximation 2 does not (wrongly) predict that all trajectories eventually cross the boundary. Instead NTCP(t) remains below unity at t → ∞ within Approximation 2.
Complication-free tumour control
Motivation
The objective of radiation therapy is to successfully eliminate cancerous cells while avoiding further complications from damaging normal tissue cells. In the preceding sections, we outlined analytical approximations for the efficient calculation of NTCPs. Tumour control probabilities-the probability of eliminating all cancer cells-from a stochastic birth-death model have been previously considered by Zaider and Minerbo [7] ; the authors derive a general equation for the probability of the elimination of all tumour cells. In this section, we combine these two results for NTCP and TCP respectively to investigate how, in principle, mathematical models can be used to optimise the application of radiation therapy to achieve complication-free tumour control. We begin by motivating an extension to the model described in Sec. 2 to include the growth of cancerous cells. For completeness, we then proceed by briefly reviewing Zaider and Minerbo's result describing TCP.
Model definitions
We consider a model which contains both normal cells N and cancerous cells C. The two populations are assumed to be spatially separated from each other. The normal cells are as described in Sec. 2: they undergo mitosis with a rate which depends on the number of normal cells, leading to logistic growth. They are also subject to a natural death with rate d 1 , and to death from a source of radiation with hazard function h 1 (t). We label the rates pertaining to normal cells with the subscript 1, and similarly subscript 2 for cancerous cells. Cancerous cells, on the other hand, undergo mitosis with a constant rate b 2 [7] ; numerical evidence suggests that the resulting exponential growth characterise tumours of small sizes well [38] . Cancer cells are also subject to a natural death with a rate d 2 and to death from a source of radiation with hazard function h 2 (t). The model can be summarised by the following reactions:
,
Although both cells are subject to the same source of radiation, the hazard functions h 1 (t) and h 2 (t) for the two cell types can differ. This is because each cell type differs in its susceptibility to radiation and in their ability to repair damaged DNA. We again consider the case of brachytherapy, as in Sec. 3. The hazard function is as in Eq. (27), where the parameters α 1,2 , β 1,2 , and γ 1,2 depend on the cell type. We also assume . Probability that the tumour is successfully eliminated TCP(t) (dashed red line). TCP is calculated as in Ref. [7] . The shading of the background indicates the hazard function h(t). Initial dose R 0 = 2.5G y. Panel (b): Resulting probability of complication-free tumour control CFC(t). Black line is using Approximation 2 for NTCP and TCP as in Ref. [7] ; results from direct numerical integration of the master equation are shown as black squares. Panels (c) and (d): CFC(t) for different values of the initial dose R 0 , and for two different sets of model parameters (see Table 4 ).
that, due to the presumed spatial separation of normal tissue and cancerous cells, the treatment can be targeted such that each cell type absorbs a different fraction of the total dose rate. This is incorporated into the hazard function by replacing the initial dose rate R 0 with an effective dose rate θ 1,2 R 0 . The parameters describing the initial dose rate R 0 and the decay rate λ are characteristics of the radioactive implant and are thus common to the hazard function of both cell types. As before, we initialise the population of normal cells in its stationary state. We let there be initially C 0 cancer cells.
4.3.
Tumour control probability, normal-tissue complication probability, and probability of complication-free control
We now consider the probability as a function of time of eliminating all cancer cells-TCP(t). Similarly to the calculation of NTCP(t), this is mathematically a first-passage time problem. Zaider and Minerbo [7] developed an analytical description for TCP for the linear dynamics of cancerous cells described above. This was achieved using a generating-function. This approach is feasible due to two features of the problem: (i) the model is linear (i.e., cells do not interact with each other), and (ii) the boundary of interest for TCP is at zero (i.e., extinction of tumour cells). The result for TCP(t) is [7] TCP
where C(t) is the deterministic path for number of cancerous cells, given by
Even though the expression involves the deterministic trajectory C(t) we stress again that this result is exact for arbitrary population sizes, and does not imply any approximations. While Eq. (32) cannot be solved analytically in most cases, the equation can be integrated numerically for an efficient calculation of TCP(t). The analysis reviewed here has also been extended to consider more complicated models, including the different stages of the cell cycle [8, 9, 10] . Complication-free tumour control (CFC) refers to the elimination of all cancer cells while maintaining enough normally functioning tissue for an organ to operate without complications [39] . The probability of CFC as a function of time is therefore given by [39] CFC
We remark that Eq. (33) implies an equal weighting of the importance of tumour control and NTCs. In the most extreme cases, for example where NTCs relate to organ failure this is justified. In other cases, for example when NTC refers to increased urinal frequency, a complication may be preferable to a potentially life-threatening tumour. In such cases, Eq. (33) can be modified by appropriately weighting the two probabilities to maximise a 'quality of life' measure in accordance with clinical experience [40] . Fig. 5 (a) shows the probabilities 1 − NTCP(t) and TCP(t) for the model defined in Sec. 4.2, and for a specific choice of parameters (see Table 4 ). These quantities are obtained by Approximation 2 for NTCP, and Eq. (31) for TCP. Similarly, Fig. 5 (b) shows CFC(t) and compares the results from our approximation to those of numerical integration of the master equation. For this choice of parameters we find a non-trivial time (∼ 20 days) which maximises the probability of CFC. In the case of a temporary brachytherapy implant, this would indicate the optimum moment for removal.
The analysis provided here allows us to investigate the optimum application of brachytherapy to maximise the likelihood of CFC. We consider a fixed set of parameters describing the cellular birth rates, death rates, susceptibilities and repair rates, shown in Table 4 . We consider a temporary implant of a certain radioisotope, 125 I, which has a decay rate of λ = 0.0117 day −1 . In order to achieve CFC, we assume we are able to control the initial dose rate R 0 (i.e., the size of the radioactive seed) and the time at which the implant is removed. Fig. 5 (c) shows the probability of CFC for different values of time and initial dose, again efficiently generated using Approximation 2 for NTCP and Eq. (31) Table 4 . Parameters used in Fig. 5 , along with λ = 0.0117 day −1 . The parameters in the upper two rows were previously used to model brachytherapy as a treatment for prostate cancer, where the normal tissue complication refers to rectal proctitis [11] . The parameters in the bottom row are hypothetical, used to show that a change in the optimum treatment strategy may result upon variation of parameters.
the exception of the population sizes, the parameters we choose here were previously used to model the treatment of prostate carcinoma [11] consistent with experimentally collected parameters [41] . In this context NTC refers to acute radiation proctitis [42] . For these parameters, the optimal strategy involves an initial dose of size 1.7 G y and removal at a time over 50 days. Using this initial dose, the probability of CFC(t) does not decrease at large times, providing a large window for the removal of the implant or allowing the use of a permanent implant. This is not the case for all parameters; the optimum strategy may require the timely removal of the implant. An example of this is shown in Fig. 5 (d) , which shows CFC(t) for parameters where the cancer cells have a three-fold higher growth rate than normal cells. The probability of CFC is peaked when implanting a high dose of radiation for a short time. For this case, we see the band where CFC is likely is narrow, indicating that such a treatment may be very sensitive to the time of removal of the implant.
Conclusions
To summarise, we have derived approximations for the distribution of first-passage times through a boundary of a stochastic birth-death model. These approximations capture effects of fluctuations in the population discarded in previous approaches. The improvements rely on an expansion in the inverse typical size of the population. One can therefore expect the approach to be particularly useful for large, but finite populations. Intrinsic noise is then weak, but not always weak enough to be ignored altogether. It is worth noting that the methods we have developed do not require the birth-death model to be linear, for example we have considered logistic growth. Our analysis was presented in the context of normal tissue complication probabilities for radiotherapy treatment, however these mathematical results may also have wider applicability to other problems in which first-passage times of stochastic processes are of interest [43] . We note that NTCP takes the form of an error function in our approximation. This functional form has previously been reported in statistical models of NTCP, see for example Ref. [4] . This indicates that NTCP can be different from zero or one for intermediate doses of radiation; NTC then occurs (or does not occur) as a random process. This is the case as well in our model; the source of stochasticity is the intrinsic noise in the population of functional cells, i.e., random birth and death events. It is not clear however what exactly the origin of uncertainty is in statistical models of NTCP. Intrinsic stochasticity within functional subunits, or resulting from small numbers of stem cells may be potential sources of randomness, but other factors are likely to contribute as well.
We have obtained approximations of NTCP for models of normal tissue with a single type of cell and for an extended model with two different cell types. Our results demonstrate that these approximations can lead to a significant increase in efficiency over simulation methods, at a moderate loss of accuracy. This is the case particularly when the underlying model becomes complex and has many different internal states. In the final part of the paper we showed how approximations of NTCP and TCP can be used to estimate the probability of complication-free tumour control. We have demonstrated how the analytical approximations can be used for the efficient identification of optimised parameters for treatment planning in brachytherapy. Our analysis is limited to stylised models, and we do not claim direct clinical applicability. However, we hope that the methods we have developed can be adapted to more realistic populations of cancerous cells and normal tissue.
